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The What and Why of Shape

We need reference structures for physical models.

positions w.r.t what?y
d2r⃗
dt2x

what time?

= −
∑ Gm′

r′x
what ruler?

Reference must be grounded in concrete physical structures.

For physics of the whole universe, these references must be intrinsic, by definition
of the universe. −→ relations
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The What and Why of Shape

We must eliminate the dependence of configurations on external references.

Shape is what is left: The invariant relational content of configurations.

The quotient space under the equivalence relation of transformations that preserve
all relational observables.

Leibniz’s Principle of the Identity of Indiscernibles: In nature there cannot be two
individual things that differ in number alone. For where there are two things it
must be possible to explain why they are different. (First Truths, 1686)

∀x ∀y
(
∀P (P(x) ↔ P(y)) → x = y

)
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The What and Why of Shape

If we consider points in space (e.g., R3), as in N-body model, Q = R3N .

S = {rij}/R+

action ofR+ : (λ, rij) → λrij

In the case of dynamical geometry (e.g., for the purposes of General Relativity),
Q = Riem3 .

S = Riem3/Diff3 ⋊ Conf

See “Pure Shape Dynamics: Relational General Relativity” (arxiv: 2503.00996).

Shape is scale-less.
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The What and Why of Shape

Why begin from configurations?

From an empiricist standpoint, one may take observable records as primitive and
construct configuration space as their completion.

Shape space provides rich structures and constraints for physical models.

In Quantum Mechanics, there is representation problem (stemming from unitarity
and the need for a preferred basis). It is addressed by S .
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Growth and Dynamics

Dynamics is to be constructed on S and the nature of time clarified.

Evidence from N-body model on S (Barbour, Koslowski, Mercati: arXiv:1409.0917)

Dynamics given by shape potential

VS = −
1

M3

√∑
i ̸=j

mimjr2
ij
∑
i ̸=j

mimj
rij

−VS is bounded below but unbounded above, and measures the degree of clus-
tering within a given shape.

Dynamically, VS generates attractor behavior in the evolution on S
−→ generation of typical dynamical arrows subject to VS
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Growth and Dynamics
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Growth and Dynamics

Leibniz’s Principle of Maximal Variety: “The actual world realizes maximal variety
of phenomena consistent with the simplest system of laws.” (Discourse on Meta-
physics, 1686, paraphrased)

One may define a differentiable function, bounded below but unbounded above,
C on S that measures the degree of structures, as well as their variety and novelty
relative to one another.
−→ Noventropy

Principle of Monotonic Growth (PMI): The dynamics on S is such that the function
C increases monotonically along dynamical trajectories.

−→ The temporal structure supervenes on the functional C defined on shape
space, including both duration and direction.
−→ preferred internal shape clock
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PSD Principles of Model Construction

Construction Principle: Kinematics is defined by S , while dynamics is largely con-
strained by PMI.

Construction for N-body case:
PMI:

dC
ds

= α > 0

ds =
√

gabdqadqb

Model (Farokhi, Koslowski: unpublished)

dqa

ds
=

αC,a

|∇C|2
+ Ahabub,

dua
ds

= −
1
2

gcd
,a ucud.

hab = gab − C,aC,b
|∇C|2
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PSD Principles of Model Construction

Implementation in quantum field theory.

Field configurations ϕ : M → R, defined up to global rescalings ϕ 7→ λϕ, deter-
mine equivalence classes→ shapes.

A Hilbert spaceH over S is constructed, together with a functional C (noventropy)
defined on S .

Two proposals for dynamics satisfying the Principle of PMI.
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PSD Principles of Model Construction

First approach: C defines a preferred internal time.
−→ foliation of shale space into hypersurfaces of constant C:

S =
⋃
C

SC

HC overSC

Schrödinger-type equation for quantum dynamics

i ∂CΨ = ĤCΨ

(Koslowski)

This equation can be viewed dynamically:

Ψf[ϕ
Cf ] = N

∫
D[ϕ]Ψi[ϕ]

∫
ϕi=ϕCi=ϕ

ϕf=ϕ
Cf

D[ϕC] ei
∫

dsLs[ϕs]
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(Koslowski)

This equation can be viewed dynamically:

Ψf[ϕ
Cf ] = N

∫
D[ϕ]Ψi[ϕ]

∫
ϕi=ϕCi=ϕ

ϕf=ϕ
Cf

D[ϕC] ei
∫

dsLs[ϕs]

11/13



PSD Principles of Model Construction

Second approach: Quantization followed by the imposition of PMI.

The functional C is quantized via Weyl quantization:

C 7→ Ĉ = W[C],

and expectation values Tr[ρĈ] considered.

More generally, one may introduce a superoperator C[ρ] acting on the state.

This leads to a generalized (modified) von Neumann equation satisfying PMI:

d
dC

ρ = −i[Ĥ, ρ] + L[C[ρ], ρ].

(Farokhi: Implementation of PSD in QFT, thesis)
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PSD Principles of Model Construction

These PSD models dynamically regularize QFTs.

Source of the problem of UV divergences: Summing over fields over a continuum
of points→ arbitrarily infinitely fine variation

C quantifies structures, in particular, micro-structures −→ requiring it to be finite
restricts short distance variation of fields −→ it sets a short distance cutoff to the
support of wave functional −→ regularizes QFTs with C as regulator. (observed by
Barbour)

Illustration:

C = 〈Ψ|
∫

ϕ̂(x)ϕ̂(y)
|x − y|

|Ψ〉

C = const −→ Ψ[ϕ]ϕk �
1
k

as k → ∞
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